Angular momentum and spin




Orbital angular momentum

1. General properties L=rxp = axial vector
z A
The operator in coordinate representation:
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A A A =the three components of
Lj,Lg
the angular momentum are
not simultaneously measurable.

simultaneously L2 and one (and
only one) of the components Lj.

A A 2 ﬁ . . .
[Lj, L ] =1 it is possible to measure



2. Rotations and angular momentum

= consider how a generic state| > is modified by the action of the unitary rotation operator:
A Lon- L 1
U@ — of n-L_ e/Hn |

—> rotation by an angle O around the axis defined by the vector n.

L
h

== =fxk k=p/h=—1V

= infinitesimal rotations: 63 - 0. Taylor expansion of the unitary operator to first order:

059:1+159n-i:1+1591§

A

- generator of the rotation: |R = n -1

For a generic operator O, the rotation induces the following transformation:

A \J

036003, = (1+156R) O (1 - 166R)

A A

O O

0+80,



= to firstorderin 69: 80 ~ 186 [lé, 0] If O is a scalar for rotations - 80 = 0.

In the general 3D case: for the Euler angles B, ¢, O around the axes x, vy, z, respectively:

cos B cos ¢ cos — sin B sinb sin B cos ¢ cos @ + cos B sinf —sin ¢ cos 6
ﬁ(ﬁ,qﬁﬁ): —cospBcosgpsind —sinBcost  —sinP cos ¢ sinf + cos B cos b sin¢ sin 6
cos fsin ¢ sin B sin ¢ Cos ¢
Rotation by O around the z-axis: cos6  sinf 0
R@)=| —sin® cosf O
0 0 1

For an arbitrary vector: v = (vy,vy,v;) —> V' = (v}, v;,, vl) (v =v—4v)

=C0S 660 vy + sindbvy,

v

/
\
’\ = —sin80vy + cos §0v,
/

v, = ;.

§F <<= VU, vy +60v, v.’\. ~ —50v, + vy



Svy = —380vy, vy =680vy, v, =0

..compared to §0 ~ 186 [ﬁ, 0] ) [iv\] = 1Vy, [iv\] = — Uy, [iv] =0

Since this is valid for any vector v - [1::,)?] =1hy and [[::,, ﬁx] =1hpy

3. Angular momentum eigenvalues

In contrast to the case of position and momentum, different components of the angular
momentum do not commute with each other. We have to choose a pair of commuting
observables that can be diagonalized simultaneously:

12 and /, i2—1?:1_?—|—i?;20

The basis of the Hilbert space: |/, m,> (eigenvalues of I and 1)



<l,m, 1> — IA2 l,m,> = <l,m, 12+ 12 l,m,> > ()
= the eigenvalues of IZ2 cannot
exceed the eigenvalues of 1. —l=m, <1
| - azimuthal quantum number i ] . ]
m, - magnetic quantum number 1% ml) = m, |i, ml)
Angular momentum algebra
—> introduce the raising and lowering operators: [+ =1, £ ll_y [ = [_"_
Commutation relations: [i_,fi] — :I;[Ai, [f+,i_] — 2[;’ [i2’fi] — ()
IA;lA+ l,m,> = (i+f — [il;]) l,m,)
:n1f+ l,m,) +f+ l,m,)
= (m, + )iy l,m,) . [+ l,m,) X |[,m, + l)




A

..inthe same way: | /_

l,m1> 0 l’m/ — 1) eigenvector of the operator [,.

Since [is the maximal eigenvalue of /,, and —/ is the minimal eigenvalue, we must also have:

4 |1,]) =0and[_|l,—I) = 0.

Table 6.1 Ordering of the “ascending” and “descending” anqular momentum eigenstates

and corresponding eigenvalues of /,

“Ascending” eigenstates “Descending” eigenstates Eigenvalue of iz
1301 —1) o |1,1) |2,1) !

BN =1y o111 = 1) - 11,1) oc |11 —1) 1

21,0y oci_|1,1—1)

o 1,1 —2) [ -2

1310, —1) ocly [L—1+1)

o |1, =1 +2) —1+2
Iy 11—y oc |1, —1 + 1) Py ol =1+ 1) —I+1
) 210y o |1, 1) —1



Eigenvalues of 12

[A—i-l— = (i\ — li)‘) (i\ +lz\') = ZA?\- +Z%+l I:[A.\"i_\‘:l
i

79

|
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For the state with maximum projection: 0 = i_f+ 11,]) = (iz - INZ o i) |1, 1)

[i2—1<1+1>]|1,1> — 0 20,0 =10+ 1)|1,0)

This is true for any state in the representation /, because of: [12, li] = ()

i2

Lom,) =11+1)

l,m,>



4. Angular momentum eigenfunctions

z A polar axis

X =rsinfcos¢, y=rsinfsing, z=rcos6
P
1.
: /32 1+ v2
y X< +Yy
: r= \/xz +y2 472, ¢ =arctan=, @ = arctan ———
X Z
0
Y > 0 dx 0 dy 0
¢ y —th— =—th | ——+
10 dp dx  d¢p Iy
(5L 452 L
=—th|—y—+XxX— | =L;
T ox ay )
- generates a rotation
. : d the z-axis.
Eigenfunctions of the angular momentum: \/(r,6, @) Around the z-axis

0

Ly(r,0,0) = ~i5g Y 6.9) =my(r.6.¢)

y(r,0,¢)= f(r,0)

tm; ¢

V27

—> invariance of the wave function for a rotation of 2t around the z-axis: ¢ > ¢ +2n = m, € Z.



Orthonormal functions:

elmlqb

The matrix element:

Since:

= the only nonvanishing term:

Fm( ):
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2 | 2
f dpF,, ($)Fm () = f dpe' "1 " =5,
0 0
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=Il(l+1)—m,(m, +1)

I_ zlAfIr |[j> }<l,m,—|—l‘f+|l,m,>

(1o, + 1 || 1m,) = ITF T =,y + 1)
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Example:

= basisvectors: |1,1) = (
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A 0
lzw(r799 ¢) — _lﬁw(lf’89 ¢)

... expressing the partial derivatives in terms of the spherical coordinates:

0 ar o dp 0 00 0
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P=0+0+1

1 o ,
= —— — | sin#
sin 6 06

A 0 0
l.=e¢? | — +1cotd— |,
96 Y

A (0 0
[—=e — —1c0t0—
06 1)

00 sin? @ 0>’

Py(r,0,¢) =11+ Dy(r,0, )

= separation of variables:

y(r,0,¢) =R(r)Y($,0)

Y ($,0) =1 + 1)Y;u(9,0),
[:Yim($,0) = m, Yim(¢p,0).

J 1 82
| — — angular part of the Laplacian
in spherical coordinates.

oc Laplace equation



Normalization of spherical harmonics: / dQY* (D, 0) Y1 (D,0) = 6117 8,m

['m

e’ml¢
Yi(h,0) = Fpy(4)Opn (9) = O (6
im(¢,0) (@)O1m(6) o (6)
m, ¢ [—m
e v @+ DU+ m)! ] 1 d . 2
fim(#,0) = —7=( )\/ 20 —m)l 20 0™ deosgl o o)
Y0,0(¢.0) = : | 3
0,01¢> o \/E Y2,0(¢,9):_ (3C0829_1>’
lom

3 E
Y10(¢,0)=1 — COS 0, Yo +1(¢,0)== sin @ cos 6,
47 87r
3 oE10 _ 15 g
Y1 4+1(¢p,0) =1 sin O Yo 42(¢,0) =+, — sinZ 6.
’ 871 3271



Spin

Spin 1/2 - wave function: ¥/ (r,s) = Y4 (r) + ¥ (r) = ¥(r) ( (1) ) + ¥(r) ( (1) )

Spin 1/2 eigenbasis: 1), = ( (1) >’ 1), = ( (1) )

= e =iy (D). +11).)

From the relations: 0
) 1/ 1 . Lo o
5:|T>;—§(0>- 5:|¢>:—_§<1> |:> S:_|:O —1:|

Define the raising and lowering spin operators: §4+ = §, £+ 1§,
S
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. I, .
810 =281 > b =11
0 1 0 O
] A L S — C A_:
S I1) = —55-11) > SN =1y [ [o o] and 5 [1 0]
11 =0, 514 =0 |
N . Sy —5
Sy = and §, =
! 2 ! 21
R R e R o el A W
Sy = 1 = —Oy, Sy_ :_Gy7 7z — 1 :_UZ
! 5 0 2" 5 0 2 0 —3 2
The Pauli spin matrices: [&j,&k] = 2lEjknC’}n 5’3 = OA"g = Azz =1

— anticommutation relations: [aj, O'k]+ = 213k



6.\‘ | T)\ — |T>\ ) 6.\‘ |»L>\ = —| \H\
oy M)y =11y, oyld)y=—11),

X :’ :' b X f : :' )
Y \/E ‘ < Y \/z ¢ ¢

The Pauli matrices are simultaneously Hermitian and unitary. Together with the 2 x 2
identity matrix, they form an operatorial basis for the spin-1/2 Hilbert space: any operator
in the spinor space can be written as a combination:

O:ai+ﬂ-6:[ @t P Px—thy ]

Px + 113.\-.’ @ — B;



Angular momentum coupling

1. Independent orbital angular momenta

—> two particles S; and S, with independent angular momenta: [il , iz] =0

= total angular momentum:

AZ

o >
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[ij,ik] = |:1Alj +1A2‘,-,1A1k +i2k] = 1€ jknly

The angular momenta of the two particles
can be diagonalized simultaneously.



. \2
(ll.z) 11.2J71,12> =l (lip+1) ‘11.2,n1,12> :

11.2: [1.2’”1I|Q> — m/|.2 lll'z’rn/l.2> )

The basis of the product space: { |[1 ,m, ;[2,mh> } — { |[1 .m, > 0% ) [>, m,7> }

Example: L =1 mp = —1,0,+1
[o = 2 mo = —2,—1,0,4+1, +2

= 3 x5 =15 possible states. The minimum value of the total angular momentum is
l15 =1 (/1 and I, antiparallel), and the maximum value is /;, =3 (/; and /, parallel).
These 15 states can be arranged into multiplets:

_]-7 07 +17

li2 =1 m12
l12 =2 miz = —2,—1,0,+1, 42
lig =3  mi2=-3,-2,—-1,0,+1,+2,43



The projection of angular momentum is an additive guantum number:

(lAlz +IA2:) |ll,m,l> ® ‘12,m,2> = (m,l +m,2) )ll,m,]> ® ‘lg,m,2>

ST .
0 if Il-| > 11 + D>
N nly) =y h+hb+1-=|l;| if Lh+hL=|=>I|-10D]
AN N .
Mook 20 + 1 if Iy =] = |l;] =0
\\ N N
N N N N
N N N N
\\ \\ \\ \\ N
N N N h h h
\ N N N A b
N\ \\ N N o h - — —
. . . N \ N RN Theorem: [ =[{ + o
N N \ N A N >
\\ 2. -1~ 0oy 1|~ 2 \\ \\ m,
N N N N h
N S \ DN DR = allowed values:
A I N N N . =+3
N AN N N\ N \.
N N AN AN ]
\ o e iy —bL| <1<l +1
AR AN N < |L=711
N N\ N\ -]
Moo .70 To each value / correspond (2/+1)
AR P eigenvectors | /,m>.
AN lZ:_



2. Total angular momentum

- sum of the orbital angular momentum and spin: J

Example: /| =l ands =1/2

o j=l—-5=1)2 jo= L
' 2
f—lh
‘2

e and j =[+s5 =3/2

-0 V3 0 0 T
f—li' V30 2 0
=30 2 0 V3

0 0 V3 0 _

~3 0 0 0
. 1.1l 0 1 0 0
=300 0 -1 o
00 0 -3

=L+§|
0 1] A 1
’ :_i—
Lol 27[
07 « 3
_1-9 J—Zh
C 0 —iV/3
~ 1 1/ 3 0
=M 0
L0 0
"1 0 0
> 15,10 1 0
2 N
P=2"10 01
L0 0 0




]- — — —
3. Singlet and triplet states S1 = S2 = 5 E> § =81+ 82

Triplet: |S — Lms = l) 12. = |81 = l,msl = l> §o = l,ms, = l>
~ 2 2/, 2 2/,
=111, M2
|S=1,n15=—1)12:=|%,—%> %—%> =1 )2,
1 2
et =0 = ([L0) (L) 4 L) 1)
=2\ 22/ 272, " 272/, |22/,
=\/L§(|T)1:|¢)2;+|¢>1:|T)21),
1

Singlet: s =0,m; =0) 12, =

The triplet states are symmetric with respect to 1 <= 2, and the singlet state is antisymmetric.



4. Clebsch — Gordan coefficients

Two particles with angular momenta j; and j,: [fl,jz] =0
J=J1+t I J

Two different bases for the total Hilbert space:

1) The product eigenvectors of the operators: f] ) JAl: and fz, 2

<

|j1,mjl> ®

2) Since: [fz,ﬁ] = [fz,f%] =0 :> the eigenvectors: }j],jz;j,n’lﬁ

The unitary transformation between the two bases:

Jisjas j.m;) = Z ’j],jz,m,,l ,m,,-z> <j1,jz,m_,~l M |j1,j2;j»m_,->

m. .m.
.l] ‘1_7_




The coefficients of <j1, jz,mjl ,mj2 | J1, J2; j,mj> Clebsch — Gordan coefficients

the expansion:

i = ol < < ji+ (j1s ja,mi,ma| j,m)

Orthonormality relations:

Z (]19]23m19m2| ]’m> (]19]27m1’m2| j/9m/> — Sjj’6mm’,

mi,m»,

Z (Ji> Joomy,ma | j.m) (ji, jo.my,my | j,m) = 8mlm1/8mgmz/-

J.m

Table 6.3 Values of j and m and the corresponding number of possible

states in the case of the addition of anqular momenta j; = j, =1

J m Number of possible states
2 —2<m<+42 5
| —1<m<+1 3
0 0 |
Total number of states 9



Casej =2

o j=2m=2 11,1;2,2) = (1, 1,1,1]2,2)|1,1,1, 1)

(L, 1,1,1]2,2) =1

o j=2.m= -2
|19192’ _2> — (19 1’_19_1 | 29 _2> | 1’ 19_19_1>

(L1,—-1,—-112,-2) =1

Jeljtsjoij.m)y = (GEm+1D) G Fm)|ji,josj.m£1)

(Jie + Jou) L jts joomisma) = /(i £my + 1) (i Fma) | jijomy £ 1,mo)

+ (o £my+1) (o Fma) | j1. joamy.my £ 1)



o =2 m=1 Two possibilities:  (m1,m»>) = (1,0) (my,m>) =(0,1)

11, 1;2,1) =(1,1,1,0]2,1) [1,1,1,0) + (1,1,0,1|2,1)|1,1,0, 1)

11,1:;2,2) =(1,1,1,1]2,2)|1,1, 1, 1)

The CG coefficient = 1. By acting on both sides with the operatorj_=j; +j,_
211,1;2,1) =+/21,1,0,1) ++2]1,1,1,0)

1 1
(L1L,1,0]2,1) = —, (1,1,0,1]2,1) = —
V2

V2
o | = 2,m = (0 Three possibilities for myimy: (4+1,—1), (0,0) (—1,4+1)

|1,1;2,0) = (1,1,1,—-12,0)|1,1,1,—1)
+ <191’O,0| 290>|1’1,030> + (1919_131| 290> | 1’ 17_171>

etc.



